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Abstract 

In this paper we study compactness and quantization properties of sequences 
of 1/2-harmonic maps Ufc : iR — >• such that ||tiA;||/ji/2(jj ^m-i) < C . More 

precisely we show that there exist a weak 1/2-harmonic map Uoo'- JR — ?■ 5™"^^, a 
possible empty set {ai, . . . , af\ in IR such that up to subsequences 

{\{—^)^/'^Uk\^^ [(— A)"^/'^UooP)d2; + Aj^a- , in Radon measure , 

1=1 

as A; — 7> +00, with Aj > . 

The convergence of Uk to Uoo is strong in W^J^'^{M \ {ai, . . . ,ae}), for every 
p > 1 . We quantify the loss of energy in the weak convergence and we show that in 
the case of non-constant 1/2-harmonic maps with values in one has Aj = 2iTni, 
with TLi a positive integer . 

Key words. Fractional harmonic maps, nonlinear elliptic PDE's, regularity of solutions, com- 
mutator estimates. 
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1 Introduction 

In the paper [H] Riviere and tlie autlior started the investigation of the following 1- 
dimensional quadratic Lagrangian 

L{u)= [ \i-A)'/\ix)\'dx, (1) 

where u: IR A/", A/" is a smooth fc-dimensional submanifold of which is at least C^, 
compact and without boundary. We observe that ([T]) is a simple model of Lagrangian 
which is invariant under the trace of conformal maps that keep invariant the half space 
IR\: the Mobius group. 

Precisely let 0: IR\ — t- IR\ in W^^'^(iR^, iR"^) be a conformal map of degree 1, i.e. it 
satisfies 

dx dy 

90^90 (2) 
dx' dy 

y detV0 > a.nd V0 ^ . 

Here (■, ■) denotes the standard Euclidean inner product in IBJ^ . 

We denote by the restriction of to M. Then we have L(m o 0) = L{u) . 

Moreover L{u) in ([1]) coincides with the semi- norm ||u||^^/2^^^ and the following iden- 
tity holds 



/ \{-Af'\{x)\'^dx = mi\! \Vu\'^dx : u eW^^^{R'^,R"'), trace m = m i 

JlR [ JRl J 



(3) 



The Lagragian L extends to map u in the following function space 
H^/\lR,Af) = {ue H^/\1R,R'^) : u{x) G AT, a.e, } . 
The operator (— A)^/^ on M, is defined by means of the the Fourier transform as follows 

(-'A)V%=|e|V2^, 

(given a function f, / denotes the Fourier transform of /). 

We denote by ir^ the orthogonal projection from IR^ onto JV which happens to be a 
map in a sufficiently small neighborhood of A/" if A/" is assumed to be C^~^^. We now 

introduce the notion of 1/2-harmonic map into a manifold. 

Definition 1.1 A map u G H^^'^{]R,J\f) is called a weak 1/2-harmonic map into J\f if for 
any G H^/^{1R, iR") n L°^(iR, M"") there holds 

^L(7r^(M + t0))|,^o = . 
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In short we say that a weak 1/2— harmonic map is a critical point of L in H^^^{IR,M) for 
perturbations in the target. 

We next give some geometric motivations related to the study of the problem ([1]) . 

First of all variational problems of the form ([T]) appear as a simplified model of renor- 
malization area in hyperbolic spaces, see for instance [2] . There are also some geometric 
connections which are being investigated in the paper [11] between 1/2-harmonic maps 
and the so-called free boundary sub-manifolds and optimization problems of eigenvalues. 
With this regards we refer the reader also to the papers p3l IT5] . Finally 1/2— harmonic 
maps into the circle might appear for instance in the asymptotic of equations in phase- 
field theory for fractional react ion- diffusion such as 

e^-Ay/\ + u{l-\u\^) = 0, 

where m is a complex valued "wave function". 

In this paper we consider the case A/" = 5"^^^. It can be shown (see, [9]) that every 
weak 1/2-harmonic map satisfies the following Euler-Lagrange equation 

{-Ay/^uAu = mV'{R). (4) 

One of the main achievements of the paper [9] is the rewriting of the equation (jl]) in a more 
"tractable" way in order to be able to investigate regularity and compactness property of 
weak 1/2-harmonic maps. Precisely in [S] the following two results have been proved: 

Proposition 1.1 A map u in H^^'^(]R,S^~^) is a weak 1/2-harmonic map if and only if 
it satisfies the following equation 

{-Ay/\uA{-Ay/^u)=T{uA,u), (5) 

where, in general for arbitrary positive integers n, m, i, for every Q E H^^'^{IR'^, Aiixmi^)) 
^ > O anc? M G ij^/2(iR", iR™) , T is the operator defined by 

T{Q, u) := i-Ay/^[Q {-AY^^] - Qi-Ay/\ + {-A^/^Q {-AY^^ . (6) 

□ 

The equation ([5]) has been completed by the following "structure equation" which is 
a consequence of the fact that u G S"^~^ almost everywhere: 

Proposition 1.2 All maps in H^^'^(]R,S''^~^) satisfy the following identity 

{-Ay/\u ■ i-Ay/^u) = s{u-, u) - n{{-Ay/\ ■ n{-AY'Si) . (?) 



Mexm{Si) denotes, as usual, the space of i x m real matrices. 
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where, in general for arbitrary positive integers n, m, i, for every Q E H^/'^{1R^, Aiixm{Si)) , 
i > 1 and u E if ^/^(iR", iR™), S is the operator given by 

S{Q,u) := (-A)i/'^[Q(-A)i/^^i] -7^(QVn) +7^[(-A)^/^Q7^(-A)l/^M] (8) 

and TZ is the Fourier multiplier of symbol m{^) = i-^^ . □ 

We call the operators T, S three-terms commutators and in [9] the following estimates 
have been established: for every u E H^/'^{1R,E!^) and Q E H^/'^{]R, Mi^miH)) we have 

(9) 

(10) 

and 

||7^((-A)l/^^.■7^(-A)l/M)||^-./.(^) <c (11) 

What has been discovered is a sort of "gain of regularity" in the r.h.s of the equa- 
tions and ([7]) in the sense that, under the assumptions u E H^^'^{]R, ]R^) and Q E 
H^/'^{R, Me^-mi^)) each term individually in T and ^ - like for instance (-A)i/4[g(_A)i/4^] 
or (5(— A)^/^M ... - is not in H~^^^ but the special linear combination of them constituting 
T and 5* is in H~^^^. The same phenomenon appears in in dimension 2 in the context 
of harmonic maps, for the Jacobians J{a,b) := — |^|^ (with a,b E H^{1R'^)) which 
satisfy as a direct consequence of Wente's theorem (see [3 [25] ) 

\\J{a,b)\\ 

whereas, individually, the terms tttt and are not in H^^iJR^). 

' ' ax ay oy ax ^ ' 

The estimates and imply in particular that if u G H^/'^{R,S"'-^) is a 1/2- 
harmonic map then 

||(-A)^/^t.|U2(^^)<C||(-A)V4«||i.(^). (13) 

where the constant C is independent on u. 

From the inequality ffT^ it follows that if C|| (— A)^/'^m||^2(-jj) < 1 then the solution is 
constant. This the so-called bootstrap test and it is the key observation to prove Morrey- 
type estimates and to deduce Holder regularity of 1/2-harmonic maps, see [9] . 

We mention here that since the paper [9] several extensions have been considered. 
The regularity of solutions to nonlocal linear Schrodinger systems with applications to 
1/2-harmonic maps with values into general manifolds have been studied by Riviere and 
the author in [10]. n/2-harmonic maps in odd dimension n has been considered in [23] 
and [6] respectively in the case of values into the m — 1 dimensional sphere and into 
general manifolds and the case of a-harmonic maps in W"'^{1R"',S"^~^), with ap = n , 
has been recently studied by Schikorra and the author in [12] . Finally Schikorra [21] has 
also studied the partial regularity of weak solutions to nonlocal linear systems with an 
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antisymmetric potential in the supercritical case (namely where ap < n) under a crucial 
monotonicity assumption on the solutions which allows to reduce to the critical case. 

In this paper we address to the issue of understanding the behaviour of sequences of 
weak 1/2-harmonic maps. We observe that as in the case of harmonic maps the bootstrap 
test (|T3|) implies that if the energy is small then the system behaves locally like a linear 
system of the form (— A)^/^m = (namely the r.h.s is "dominated " by the l.h.s of the 
equation) . As a consequence we obtain that any sequence Uk of weak 1/2-harmonic maps 
with uniformly bounded energy weakly converges to a weak 1/2-harmonic map Moo and 
strongly converges to Uoa away from a finite (possibly empty) set {ai, . . . , a^} C IR . 

Namely we have ( up to a subsequence) 

I 

(|(— A)^/^ua:P ^ \{—^Y^'^Uoo\^)dx + ^^Aj^a^, in Radon measure, 

i=l 

as /c — )■ +00, with Aj > . It remains the question to understand how the convergence 
at the concentration points Oj fails to be strong. A careful analysis shows that the loss 
of energy during the weak convergence is not only concentrated at the points but it is 
also quantized : this amount of energy is given by the sum of energies of non-constant 
1/2-harmonic maps (the so-called bubbles) . More precisely we get the following result 

Theorem 1.1 Let G H^^^{]R,S"'^^) be a sequence of 1/2-harmonic maps such that 
\\uk\\ffir2 < C . Then it holds: 

1. There exist u^o G H^^^{]R, S"^^^) and a possibly empty set {oi, . . . , a^}, i > 1 , such 
that up to subsequence 

Un in WlJ^'^{lR \ {ai, . . . , a^}), p >2 as k +00 (14) 

and 

(-A)^/2^oo A Uoo = 0, m V'{R) (15) 

2. There is a family -u^ G H^^'^{]R,S'^~^) of 1/2-harmonic maps (i G {1, . . . G 
{1, . . . , Ni}), such that up to subsequence 

||(-A)i/^(Mfc-Moo-$^M*oi^')||LL{K)->0, ask ^+00. (16) 

Theorem 11.11 says that for every i, Aj = Ylf=i^i'^oo) ■ Therefore there is no dissipation 
of energy in the region between -Uoo and the bubbles and between the bubbles themselves 
(the so-called neck-regions) . 

We would like now to mention a result obtained in the paper [11] on the characteriza- 
tion of 1/2 harmonic maps u: ^ S'^ which permits us to deduce that in the case of 1/2 
harmonic maps with values in S"^ one has A, = 27rnj, with ra, a positive integer and also 
to provide a simple example showing that the quantization may actually occur, namely 
the set {ai, . . . , ai} may be nonempty . 
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Theorem 1.2 JTT] / i) u: is a weak 1/2-harmonic map if and if its harmonic 

extension u: — )■ is holomorphic or anti-holomorphic . 

ii) u: ^ S"^ is a weak 1/2-harmonic map if and if the composition of weak 1/2- 
harmonic map u: and an isometry T: ^ . □ 

We remark that because of the invariance of the Lagrangian ([1]) with respect to the trace 
of conformal transformations we can study without restrictions the problem in instead 
of iR. 

From Theorem 11.21 it follows that 1/2-harmonic maps u: with deg{u) = 1 

coincide with the trace of Mobius transformations of the disk C . Moreover every 
non-constant weak 1/2-harmonic map u: ^ satisfies 

[ \{-AY/\\^dx = 27ik < +00 . 

where is a positive integer which coincides with \deg{u) \ . 

Let us consider now the following sequence of 1/2-harmonic maps 

Un- S S , Un{z) = — , 

1 - anZ 

with |a„| = 1 and a„ — )■ 1 as n — )■ +oo . In this case we have Un — )■ —1 in C^^{]R \ {1}) , 
thus the set of concentration points is nonempty. Theorem 11.11 yields the existence of one 
Bubble Uoo such that 

||(-A)^/'^(Mfe - u^)\\q^^ ^0, as n ^ +oo . 

We explain now the method we have used to prove the main Theorem ll.il . 

In order to get the quantization of the energy we exploit a "functional analysis" method 
introduced by Lin and Riviere in [2^ in the context of harmonic maps in no-conformal 
dimensions. Such a method consists in the use of the interpolation Lorentz spaces in 
the special case where the r.h.s of the equation can be written as linear combination of 
Jacobians . 

This techniques has been recently applied in [TSl [IS] and in [3] for the quantization 
analysis respectively of linear Schrodinger systems with antisymmetric potential in 2- 
dimension, of bi-harmonic maps in 4-dimensions. and of Willmore surfaces. We refer the 
reader to the papers [2T1 [20] for an overview of the bubbling and quantization issues in 
the literature . 

We describe briefly the key steps to get the quantization analysis. 

1. First of all we will make use of a general result proved in [3] which permits to 
split the domain (in our case iR) into the converging region (which is the complement of 
small neighborhoods of the a*), bubbles domains and neck-regions (which are unions of 
degenerate annuli). 
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2. We prove that the norm of (— A)^/^Ufc in the neck regions is arbitrary small, (see 
Theorem I3.ip . Thanks to the duality of the Lorentz spaces L^'^ — L^'°n^^i this is reduced 
in estimating the L^'°°, L^'^ norms of Uk in these regions. Precisely we first show that the 
^2,00 Yioim. of the Uk is arbitrary small in degenerate annuli (see Lemma I3.2p and as far 
as the L^'^ norm is concerned, we use the following improved estimate on the operators 
T and 5* which is proved in the Appendix 



Theorem 1.3 Let u,Q e H^I^{{1BJ')) . Then T{Q,u), S{Q,u) eV}{Wr)^ and 

\\T{Q,u)\\u^(^R^) < C||(5||^i/2(jj„)||M||/fi/2(jj„) . (17) 

l|5'(Q,M)||«l(iRn) < C||Q||^l/2(JR„)||M||/fl/2(JR„) . □ (18) 

In a forthcoming paper [8j we are going to investigate bubbles and quantization issues 
in the case of nonlocal Schrodinger linear systems with applications to 1/2-harmonic maps 
with values into manifolds . The difficulty there is to succeed in getting an uniform L^'^ 
estimate as well on degenerate annuli as in the local case (see [18]). 

It would be also very interesting to understand the geometric properties of the bubbles 
in the case of more general manifolds . 

This paper is organized as follows. 

In Section 1 we address to the compactness issue which is the first part of Theorem 
11.11 In Section 2 we prove estimates on degenerate annual domains. In Section 3 we 
prove the second part of Theorem 11.11 In the Appendix we prove Theorem 11.31 . 



(^^The L^'°°{]R) is the space of measurable functions / such that 

supA|{x e R : \f{x)\ > A}|i/2 ^ _ 

L'^''^{R) is the Lorentz space of measurable functions satisfying 

^+00 



/ \{xeR : \f{x)\ > A}|i/^dA < +00 
Jo 



'^^'H^(iR") denotes the Hardy space which is the space of functions / on iR"satisfying 

sup |0f * f\{x) dx < +00 , 
K" teiR 

where (t>t{x) := t~'^ (l>{t~^x) and where (p is some function in the Schwartz space S{R^) satisfying 
Im^ Hx) dx^l. 

For more properties on the Hardy space "H^ we refer to [16] and [IT]. 
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2 Compactness 



In this Section we prove the first part of Theorem ll.il . The result is based on the following 
e -regularity property whose proof can be found in [9l [10] and in [7] . 

Lemma 2.1 (e-regularity ) Let u G H^^^{]R,S"^~^) be a 1/2-harmonic map. Then 
there exists > such that if for some 7 > 

^2-^i(-A)l/^M|U.(B(.,2.r.)) <^0, 

then there is p > 2 such that for every x E M, y E B{x,r /2) we have 

[ |(-A)i/^«(x)rrfxV^'<C||«||^v.(«. (19) 



B{y,r/2) 



By bootstrapping into the equations ([5]) and ([7]) and by localizing Theorems lA.ll and IA.2I 
(see [7]) one can show the following: 

Corollary 2.1 Let u E H^^^{]R,S'^~^) be a 1/2-harmonic map. Then (— A)^/^m is in 
L^^^{R) n L^^{R) for every p>2 with 

^i/2-i/P||(_A)V4«|U.(B(.,.)) < , (20) 

rV2||(_A)i/4^||ioo(B(.,.)) < C||m||^v2(jr) , (21) 
for all X E M and r > . 

We will use also the localized version of the following result whose proof can be found 
in [1] page 78: 

Lemma 2.2 Let < a < 1 and f E L^{IR), 1 <p < 00. Then there is a constant C > 
independent on f , such that 

l|A-^/IU.(^.) < C ||A-t/r,.(^„) , 

/or < ^ < 1, 1< s < cx), i = ^ + . 

J 7 — — ' r s p 

Next we show that if \\uk\\Hi/2(B{x,p)) — ^0 where £0 > is the small constant appearing 

VTT-^ ' ■ - + --2 

in the e-regularity Lemma 12. H then Uk E W^l^ ^ ' (iR) . 

Proposition 2.1 Let p > be such that \\uk\\H'L/^{B{x p)) — ^0 with Eq > given in Lemma 
\2.1[ Then for all q > 2 there exists C > (independent on x ,k) such that 

\\{-A)^^^Uk\\L^B{x,p/2)) < C\\Uk\\m/^{M) ■ (22) 
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Proof of Proposition 12.1] . We set Vk = {—AY^^Uk- From Lemma 12711 it follows that 
there exists q > 2 (independent on k) such that for every y G B{x,p/2) 

(23) 

and bootstrapping into the equations and one gets 

-A)^/Vtj^_, <C\\uk\\Hi/2^M)- (24) 



'L^{Biy,p/i)) 



Now we set fk '■= {—AY'^Vk. By applying Lemma 12.21 in B{y,p/A) with / := v^. and 
p = q, r = 2, s = a = \ and 6 = we obtain 

9-2 

ll(-A) 49 /fc||L2(B(j/,p/4)) < C'll/fcll ||ffc||L9(i?(s/,p/4)) (25) 

In particular we get that G W'^''^{B{y, p/ A)) and hence Mfc G W^^'^'^{B{y, p/ A)) with 

II^^IU^i-(B(..p/4)) = ll(-^)'''^^'''^^IU^(i^(.W4)) <C. (26) 

Actually one can show that the estimate fl2Bl) holds for every q > 2 . This concludes the 
proof. □ 

We show now a singular point removability type result for 1/2-harmonic maps. 

Proposition 2.2 [Singular point removability] Let u G H^{]R,S"^~^) be a 1/2-harmonic 
mapinV{lR\{ai,...,ai}). Then 

mA(-A)5m = mV'{lR). 
Proof of Proposition 12.21 . The fact that 

'uA(-A)5m = mV'{R\{ai,...,ai}) 

implies that 

{-Ay/^u A i-Ay/^u) = T{uA, u) in V'{R \ {a^, . . . , aj) , 
where T{uA,u) G H^^(]R) and 

||r(MA,M)|| . 1 < Clkf. 1 . (27) 

The distribution := (— A)^/^(m A (— A)-'^/^'u) — {T(uA, u)) is of order p = 1 and supported 
in {ai, . . . , a^}. Therefore by Schwartz Theorem |1] one has 

|o|<l 
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Since (p E H ^ (iR), then the above imphes that = is and thus 

{-Ay/\u A (-A)i/^n) = T(uA, u) in V'{1R) . 



We conclude the proof of Proposition 12.21 . □ 
The proof of the first part of Theorem 11.11 concerning the compactness of uniformly 
bounded 1/2-harmonic maps is contained in the following Lemma. 

Lemma 2.3 Let G H^^'^{]R,S™'~^) be a sequence of 1/2-harmonic maps such that 
||''^fc|liji/2 < C . Then there exist a sequence uy of Uk, a function u^o G H^^'^{]R,S^~^) 
and {ai, . . . , a^}, i > 1, such that 

. 1 

Uk' ^ Uoo as k' +00 in Hl^^{{lR\{ai, ... ,ae])) forp>2, (28) 

and 

(-A)1/2moo AMoo = 0, mV\IR). (29) 

Proof of Lemma 12.31 . 

1. First of all there exists a subsequence Uk' of m^, a function Uoo G if^/^(-K, iS™~^) 
such that Uk' Moo as k' — )• +oo . 

2. If \\Uk\\Hi/2(^B{x p)) — ^0 for all A; > 1 then from Lemma l2.ll and the Rellich- 

Kondrachov Theorem (if C iR is a bounded subset then the embedding W'^~^'^''^{il) ^ 
W^/^'\Q) is compact for alH < ^) it follows that 

Uk' Moo as k' +00 in H^/'^{B{x, p/4:),S"'-^). 
for all X G iR . In particular we have 

{-A)hik' (-A)koo as k' +00 in H-^/\B{x, p/A),S"'-^) . 

Hence 

(-A)2Mfc/ A Uk' (-A)2Moo A Moo as k' +oo in V'{B{x, p/i)) , 

and 

(-A)5m<^ AMoo = mV'{B{x,p/A)). 
3. Claim 1: There are only finitely many points {ai, . . . , ae} such that 

(-A)^MooAMoo = 0, mV'{R\{ai,...,ai}) (30) 



(^^Suppose by contradiction that a distribution <j) E H ^{M) satisfies (j) = J2\a\<i^ad°'5ao- We can 
write (j) = (-A)i/4/ for some / G L^{1R). Then = \£,\^^^^[f]{0 = E|a|<i and this is 

not possible since J^[f] G L?{IR) . Therefore = . 
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Proof of the claim 1. We associate to every x the number > such that ||uA;||£fi/2 
60 where Eq is as in Lemma [2.11 . 

For every M > and > 1 we set 



and 



By Vitali-Besicovitch Covering Theorem (see for instance [I3]), we can find an at most 
countable family of points (x^'^)jgjM, x'^''^^ G /^^ and and I^' C Uj^jMB{x^'^\ j^) . 
Moreover every x G /^^ is contained in at most K balls, K being a number depending 
only on the dimension of the space . 
Now we observe that 

C > 1 1 ""fell ^1/2 (jR) 



> 



' ^ I I ^, k.M 1 ^ „, fcMi> \nr — i/M 



B(.^'",j,)^B(.f^,i,) \x-y 



Thus \J^\ < +00 for every k and M and this implies that for k and M large enough 
I J^l = C, with C independent on k and M . In particular there exists ko > such that 



By definition we have C /^■'^ for all n and M. By using a diagonal procedure we can 

subtract a subsequence fc' — > +00 such that '^^ — )■ for all M > and j and 

Now we let M — +00 and get 

-'00 — ^00,0 •— l-^j Jj=l,...no • 

Claim 2. If x ^ Joo.o then there exits f > such that 

Moo A (-A)5m^ = in V'{B{x, r)) . 
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Proof of the claim 2. We assume that x^'^ 7^ 00 for ah j = l,...,?7,o. Let 7 = 

dist{x, Joofl) and K > he such that 2K~^ < 7 . Let M > be such that for all M > M 
and for all j = 1 , . . . , we have 

K'--T'"\<^- (31) 

Let > be such that for all k' >k and for all j = 1, . . . , rio we have 



3 ] 

By combining (l3Ti) and (l32l) we get 



I fc'.Afi ^ I 00,0 1 

\X — Xj I > \X — Xj \ 



AK 



I 00,0 00, Ml I 00, M fc'.Afi 

2 1 1 _ 3 1 
- 'K~ AK~ AK ~ 2K^ Ji' 

Therefore x ^ U^'^iB[x^- , -p), and x ^ J^^ for all > A; . In particular p^/^x > and 
(up to subsequence) pk',x — ^ Poq,x > 0. Now let < f < poo,x- Then 

f) C B{x, Pk',x), for /c large . 

Since we have \\uk'\\Hi-/2B{x p^, )) — ^0, then by applying Step 2 we get 

Woo A (-A)i/2^oo = in f )) . 

This concludes the proof of the claim 2 by setting Oi := xf^ and i = uq . 
Now we apply Proposition 12.21 and we get that 

Moo A (-A)^/^Moo = in V'{1R) . 

We can conclude the proof of the Lemma 12.31 and the first part of Theorem 11.11 . □ 



3 °° and estimates in degenerate annuli 

In this Section we will prove some energy estimates of 1/2-harmonic maps in degenerate 
annuli. Such estimates are crucial in the next Section in order to get the quantization 
analysis in the neck regions . 

The main result of this Section is 
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Theorem 3.1 There exists 6 > such that for any 1/2-harmonic maps u G 
for any 5 <5 and A, A > with A < (2A)~^ satisfying 

sup ( [ \i-Ay/\\^dx] ' <5, (33) 

pG[A,(2A)-i] \J B(Q,2p)\B{0,p) J 



we have 



Af'\\''dx (34) 

B(0,A-i)\B(0,A) 

1/2 

<C sup ( / 

pe[A,(2A)-i] \J B{0,2p)\B{0,p) 



:-Ay/\\'dx^ 



The proof of Theorem 13.11 consists in three steps: 

1) first we show that we can control in degenerate annuli the L'^ norm of {—Ay^^u for 
some g > 2 by 

sup ( [ \{-AY/\\^dx] . (35) 

2) then we estimate the L^'°° norm of (— A)^/^m in degenerate annuh in terms of fl35|) . 

3) finaUy we use the global L^'^ estimates obtained in the appendix (see Theorem II ■3p 
and the duality L^'^ — L'^'°°inordertoconclude . 

Lemma 3.1 (L'^-estimates) There exists 5 > such that for any 1/2-harmonic maps 
u G H^{]R), for any 5 < 5, A, A > with 2A < (4A)"^ such that 



sup (! \{-Af'\\^dx^ <6. (36) 

pe[A,(2A)-i] \J B{0,2p)\B{0,p) / 

then there exists q> 2 (independent on X,A,u) such that 

sup fp"/'-^ / \i-Ay/\\''dx) 

pe[2A,(4A)-i] V J B{0,2p)\B{0,p) J 

<C sup ( [ \{-Ay^^u\^dx) ' . 

pe[A,(2A)-il \J B(0,2p)\B(0,p) J 



Proof of Lemma 13.11 . We choose 5 = y where £o > is the constant appearing in the 
^-regularity Lemma [2. II . 

Step 1. There exist p> 2 (independent on A, A,m) such that 

sup fp^/^-i / \i-Ay/%\^dx) < C\\u\\^. . (37) 

pG[2A,(4A)-i] V J B{0,2p)\B{0,p) J ^ ' 
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Proof of Step 1. 

Let r > be such that 



( [ \i-Ay/^u\^dx) ' <5. 

\J B(0,2r)\B(0,r) J 



1/2 

|(-A)i/%|2rfx) 

'B(0,2r)\B(0,r) 

Claim: There exists p > 2 (independent on 6 and r) such that 

i/p 

r'^'-' I |(-A)VVrfa:) <C\\u\\^.^^. (38) 



B{0,|r)\iJ(0,|r) 



Let y e 5(0, |r) \ 5(0, |r), (we clearly have dist{y, d{B{0, 2r) \ B{0, r))) > 1/4). 

Let Jo > 3 such that 2-^«/2 [J^\{-Ay/^u\^dxY^^ < 5 , and B{y,2-^'^r) C (5(0, 2r) \ 
5(0, r)) for all y G 5(0, |r) \ 5(0, |r) . 



Estimate of ^^>o2 ^/^|| (-A)i/^M||i2(B(o,2h(2-2ior)) 

2 ''^^||(-A)^/^n||^2(5(o,2fc(2-2JOr)) 



/i>0 
jo 



2 ll(-A) M||L2(B(0,2h(2-2ior)) + ^ 2 ||(-A) M || L2(B(0,2ft(2-2^0 r)) 
/i=0 h=jo+l 

oo / ^ N 1/2 



< 5(f;2-^/2)_^2-(^o+i)/2/' /■ |(_A)i/4^|2da; 



?i=0 

< 6 + 6 = 26 = eo. 



Now we apply Lemma 12.11 : there exists p > 2 and Cj^ > such that 

\ i/p 

|(-A)^/^M|Prfa 

I B(y,2-0o+i)r) 



ir"''-' I \{-AY'\\Mx\'' < C,o||t.||^i . (39) 



By covering the annulus 5(0, |r) \ 5(0, |r) by a finite number of balls B{y, 2 (•'0+1)7') we 
finally get 

/B(0,|O\B(0,|r)'^ ^ ' ; - "^^(^) 

and the proof of Claim 1 is concluded. 
Hence 

P"^'-' I \{-Ay/^u\^dx] <C\\u\\^.^^. (40) 



sup .r I „^ _ ^ «-«Hi(m 

pG[2A,(4A)-i] V J B{0,2p)\B(0,p) J ^ ' 
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We thus conclude the proof of Step 1 . 

Step 2. There exists q> 2 (independent on A, A,m and dependent on p) such that 

/ \{-^Y'%\Hx] (41) 



sup 

pe[2A,(4A)~i] V J B{0,2p)\B{0,p) ' ^ ' ' / 

<C sup [l |(-A)^/^M|2ds) ' . 

pe[A,(2A)-i] \J B{0,2p)\B{0,p) J 

Proof of Step 2 . Let us take q^^ = 6p^^ + (1 — 6)2^^. Then by Holder Inequality 
and by using (1591) we get 



V J B{0,2p)\B{0,p) J 

\ J B(0,2p)\B(0,p) / \J B(0,2p)\B(0,p) J 



' BiO,2p)\B{0,p) J \J B{0,2p)\B{0,p) 

^ ^W'^hhm if \{-AY/\\'dx) 

^'^> pG[A,(2A)-i] \J B{0,2p)\B{0,p) / 

< C sup ( [ \{-Ay/\\^dx^ ' 

pe[A,(2A)-i] ViB(0,2p)\B(0,p) y 

This concludes the proof of Step 2 and of Lemma 13.11 . □ 

Lemma 3.2 (L^'°° estimates) There exists 6 > such that for any 1/2-harmonic maps 
u G H2{]R), for any 5 < 5 and A, A > with A < (2 A) ^ satisfying 

1/2 



(I \{-Af'\\Mx!] <S 

\Jb(0,2p)\B(0,p) J 



sup 

pG[A,(2A)-i] \JB{0,2p)\BiO,p) 

then 

||(-A)V4«|U..o(B(o,(2A)-)\B(o,A) <C7 sup ([ \i-Ay/'u\'dx)^ . (42) 

pe[A,(2A)-i] \J B(0,2p)\BiO,p) / 

where C is independent on p, u,X,A. 

Proof of Lemma E21 We set / = {-A^/^u in fi(0, (4A)-i) \ 5(0, 2A) and / = 
otherwise. 

Let 6 < 6/A where S is the constant appearing in Theorem 13.11 . From Lemma (3.11 it 
follows that for all A, A > with 2 A < (AA)'^ if 

1/2 



([ \{-Ay/%\^dx] <6 

\J B(0,2p)\B(0,p) J 



sup 

pG[A,(2A)-l] \J B{0,2p)\B{0,p) 
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then there exists q > 2, such that 

.9/2-1 



sup I p 



\ 1/9 

-Ay/''u\'idx 



pe[2A,(4A)-i] V J B{0,2p)\B{0,p) J 

<C sup ( f \{-/^f'\\^d:^ ' 



pe[A,(2A)-i] VJB(o,2p)\S(0,p) 

We set 



7 = C sup [I \{-b.fl\\^d^' 

pe[2A,(4A)-i] \J B{0,2p)\B{0,p) J 



pe[2A,(4A)-i] \J B{0,2p)\B(0,p) 

We observe that for all p e [2 A, (4A)~-'^] one has: 



Y > pi/^-' I \f\Hx 

J B{0,2p)\B{0,p) 

> p'^/'-'a'^\{xeB{0,2p)\B{0,p): \f\>a}\. 



Let k & Z, then the following estimate holds 



a' ^ |{x e B{0, \ B{0, 2^a-^) : |/| > a}\ 

j>k 



j>k j>k 



Therefore 



a^\{xeR: I/I > a}\ < ^i^^-il-^^^i^-im + o?\B{% 2^ol-2)\ 

< ^q2^{\-ql2)^^ql2-\ _ -^^-1 ^ ^233 

Now we choose k in such a way that 2'' = 7^/2. It follows that 

o?\{x e iR : I/I > a}\ < ^(2^/-^ - 1)^ + f = ^^7^ 
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Hence 



L2.°o(_B(0,{4A)-i)\_B(0,2A) 



sup(a'|{xG5(0,(4A)-^)\5(0,2A) : \{-Ay^%{x)\ > a})'^' (43) 

a>0 



< 



/29/2 _ 1 



V 29/2 -2 



1/2 



7' 



By combining (H3|) and the fact that the L°° norms of {—AY^'^u in the annuh -8(0, A ^) \ 
5(0, (4A-1)) and 5(0, 2A) \ 5(0, A) are controlled by the respective norms we eet the 
estimate (H2|) and we conclude the proof of the Lemma 13.21 . □ 

Now we can prove Theorem 13.11 

Proof of Theorem 13.11 . Form Theorem 11.31 it follows that any 1/2-harmonic map 
u e H^^'^{]R,S"^~^) satisfies || (— A)^/^u||i2,i(jj.) < C where C depends on ||M||/j-i/2(jfj5m-i) ■ 
Now it is enough to use the duality L^'^ — and Lemma |32] to get 

/ |(-A)^/^Mp(ix < ||M||i2,i(jR)||(-A)^/^M||i2,.c(B(0,(2A)-i)\B(0,A) 

Ji?(0,(A)-i)\B(0,A) 

1/2 



<C sup ([ \i-Ay/\\^dx] 

pe[A,(2A)-i] \J B(0,2p)\B(0,p) J 



We can conclude the proof of Theorem 11.11 . □ 



4 Bubbles and neck-regions 

In the proof of the first part of Theorem 11.11 (see Lemma 12. 3p we have shown ( up to a 
subsequence) that 

e 

\{—Ay^^Uk\'^ |(— A)^/^-UooP'^a; + Aj^a^, in Radon measure. 

1=1 

The aim of this Section is to show that for every i ^ {1 . . .£} there exist bubbles (u^), 
J e {1, . . . , N,} such that A, = Zfli |(-A)V4^M|2^a; . 
We first give the following definitions. 

Definition 4.1 (Bubble) A Bubble is a non-constant 1/2-harmonic map u E if ^/^(iR, S™"'^) . 
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Definition 4.2 (Neck region) A neck region for a function f G LP'{IR) is the union of 
finite degenerate annuli of the type Ak{x) = B{x, Rk)\B[x, rt) with — )■ and ^ +00 
as k ^ +00 satisfying the following property: for all S > there exists A > such that 



f Ifl'dx] <5. 

J B(x,2p)\B(x,p) J 



sup 

^pG[Arfe,(2A)-iiJfe] J B{x,2p)\B{x,p) 

Proof of the second part of Theorem 11.11 . 

We have to show that there is a family -u^ G if ^/^(iR, 5™"^), of non-constant 1/2- 
harmonic maps (z G {1, . . . ,i},j G {1, . . . , A^j}), such that up to subsequence 

||(-A)i/^(Mfc-Moo-Xl^o^)lliL(JR) asn^oo. (44) 

We first observe that the bootstrap test (|T3i) implies that each bubble has a bounded from 
below energy cq > . Therefore for every i, Ni < +00. 

For simplicity we assume that i = 1 and that there are at most two bubbles. 

Now let us take 5 < 5 such that C5 < Sq (the constants C and 5 are the one appearing 
in the statement of Theorem 13. ip . 

We also set 7 = min(|, ^) . 

Step 1. For every n > 1 we set 

^ = inf{p > : 3x G 5(ai, 1) : / \{-/\f^\k?dx = -i} 

J Bix.o) 



Pk 

There are two cases: 

Case 1.: liminffc_>+oo > 

In this case there is not concentration of the energy, namely Ai = 0. 

Case 2.: limk^^oo pI = 0- Fo^^ every A; > 1, let xl G B{ai,l) be the point such 
that j^^xik p^) ~ 7- have (up to subsequence) — )• Oi as A; — )• -|-oo 

(outside any neighborhood of ai there is no concentration) . 

Now we choose a subsequence of Uk (that we still denote by Uk) and a fixed radius 
a > such that 



lim sup 



sup {/ \{-AY"uk{y)\'dy = ^] 

0<r<a J B[ai,a)\B{ai,r) 



0. 



Now we borrow the idea in |3] to split the annulus i?(a;i_jt,a) \ B{xi^k,Pk) domains of 
unbounded conformal class where the energy is small and domains of bounded conformal 
class where the energy is bounded from below. 

Precisely by applying Lemma 3.2 in |3j, we can find a sequence of family of radii 

Rl = a> Rl> ...> R^' = pI 
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with {1, . . . , A^i} — IqU Ii. For every ii e Iq one has 

hm log f ^1^) < +00 and / \{-Ay/%,{y)\'dy > ^ , (45) 

and for every e /i, one has 

hm log (^^] = +00 and Vp G i?,^^+V2), / |(-A)i/^«fc(|/)|2dy < 

(46) 

We consider the smallest annulus A]^ :— B{xi^kiRk^) \ B{x\^kiRk^^^) of the first type 
& Iq. For such an we define 

4^ = inf {r < : 3x e : I \{-Af/%k?dx^-t}. 

J B{x,r) 

We consider the following two cases. 

Case 1. There exists a subsequence of r^^ such that 

lim > . 

In this case there is not concentration of the energy in A^^ and we pass to the next A^^ (if 
there is any). 

Case 2. We have 

lim ^ = 0. 

In this case we have once again concentration. Let X2,k £ such that 



J B(xQ_i,.,rl^) 



'B{x2,k,r^) 

and we set — r^^ . 

We sepairate two sub-cases: 

Case of two "sepcirated" bubbles hminffe_^+oo % > . In this case the following 

Pk 

two conditions hold 

lim„^oo ^^^^^ = +00 
lim„^^ ^i^^ = +00 . 

Pk 

In this case the bubbles U2 00 and ui 00 are "independent" . 
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Let us consider the two "separated" balls B{xi^k,pl) -B(a^2,fc, pI), with 



hm 5 — = +00 . 

For every a we set 

Af^{a) = B{ai, a) \ (5(xi,fc, a"Vfc) U B{x2,k, a'^pD) ■ 
The above construction gives the existence of a small enough independent of k such that 
forj = 1,2 and for all p such that B{xj^k, 2p) \ B{xj^k, 2p) C Nl{a) 

and 

Claim: the region M^ipi) is a neck-region. 

Proof of the Claim: it is a consequence of the following general property. 

Lemma 4.1 Let Ak = B{xk,Rk) \ B{xk,rk) an annulus satisfying 0, ^ +00 

and Xk — )■ XoD as k ^ +00 , and 



sup / \{-Ay/%k\'^dx <2-f . 



(47) 



Then for all r] > there exists A > such that 



sup / \{-AY^^Uk\'^dx <T]. 

re[Arfc,A-lRfc] J B(x,„2r)\B{x„,r) 



(48) 



Proof of Lemma 14.11 . Suppose by contradiction that there exists 77 > and two 
sequence — )■ +00 as A; — ?■ +00 and A^r^ < < (Afc)"-^/?^ such that 



-Afl^k^dx > f] 



(49) 



I B(xk,2fk)\B{x„,fk) 

We define Uk{y) = u{fi^y + Xi^k) ■ From condition P7|) and Theorem 13.11 it follows that 



b{q,^)\b{o:j^) 



'-I\f'^Uk\^dx<2^. 



(50) 
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Lemma [2.11 and Lemma [2.31 imply that Uk u^o in ^iIc '^{JR \ {0}) all p > 1 , where 
Uoci IS a nontrivial 1/2-harmonic maps (/b(o 2)\b(o i) |(~^)^ "^oopfix > rj) . On the other 
hand the condition fH7|) gives 

/ li-Ay/'^u^l^dx <C5 <6o. 

The bootstrap test yields that Uoo is trivial which is a contradiction. 

We conclude the proof of Lemma 14.11 and of the claim. □ 



By applying Theorem 11.11 we get that for all 77 > small enough 

\{-Ay^\ldx <r]. 

Case of bubble over bubble . liminffc_>+oo ^ = 0. We define U2,k{y) = u{ply + 

X2,k) WehaveM2,fc ^2,00 in W^^^^'^ {M\{ai}) for all p > 1 and /b(o,2)\b(o,i) l(-^)^^'^^2,oopc?x > 
S. Therefore £t2,oo is a new bubble (case Bubble over Bubble: the bubble £t2,oo "contains " 
Mi^oo and for k large enough xi^k ^ B{xi^2, pD) ■ For every a we set 

= {Bixi^k, apl) \ B{xi^k, pD) 

and 

By arguing as above one can show that Mk{o.) is a neck region. 

Since we have assumed that there are at most two bubbles, the procedure stops here. 
Otherwise one has to continue the procedure until annuli of the type Jq have been explored. 

Therefore for every > we get 

1. case of independent bubbles: 

lim / \{-Af/^Uk\^dx= lim / \{-Af'%k?dx 

^ r 

+ V lim / \AY'%k?dx 



+ lim f \{-Af'\k?dx (51) 



+ / \i-A)^/\^\''dx. 

JlR\B(ai .a) 
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2. case of bubble over bubble 



lim [ \{-Ay/%k\^dx < lim [ \{-Ay/%k\^dx (52) 
+ lim [/ \{-AY/\k\'dx+ [ \{-AY/\k\'dx] 

+ lim [ \{-Ay/%k\^dx 

<V + [ \{-Ay/%u'dx 

J B{0,a-^)\B{0,a) 

+ [ \{-Ay/%i\'dx + [ \{-Ay/%^\'dx . 

JB(0,a-n J]R\B(ai,a) 



By taking in f lSTjl and fl52|) the lim for a, r/ — )■ we get the desired quantization estimate 
fH4l) . This concludes the proof of the second part of Theorem 11.11 □ . 



A Commutator estimates: Proof of Theorem 11.3 



In this Section we prove Theorem 11.31 To this end we shall make use of the Littlewood- 
Paley dyadic decomposition of unity that we recall here. Such a decomposition can be 
obtained as follows . Let 0(^) be a radial Schwartz function supported in {C, G iR" : |^| < 
2}, which is equal to 1 in G iR" : |^| < 1} . Let ip^^) be the function given by 

ip is then a "bump function" supported in the annulus G -K" : 1/2 < |^| < 2} . 

Let ipo = 0; i'jiO = '0(2~-'O J 7^ • The functions ipj, for j G are supported in 
G FT : 2^~^ < 1^1 < 2^~^^} and they reahze a dyadic decomposition of the unity : 

^^,(x) = l. 

We further denote 

fc=— oo 

The function (pj is supported on |,^| < 2-'+^}. 

For every j G ^ and / G S'{1R) we define the Littlewood-Paley projection operators 
Pj and P<j by 

prf=^jf p^f=<pjf- 
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Informally Pj is a frequency projection to the annulus {2^~^ < \C,\ < 2^}, while P<j is a 
frequency projection to the ball {|^| < 2-'} . We will set fj = Pjf and = P<jf ■ 

We observe that = X]fc=-oo fk / = Xlfc^oo fk (where the convergence is in 

Given f,g E S'{]R) we can spht the product in the following way 

fg = ni(/, g) + U,{f, g) + Ii,{f, g), (53) 

where 

+ 00 

ni(/,^7) = E/^- E 3k 

— oo k<j—A 

+ 00 

^2{f,g) = E/^- E 3k 

—oo fc>j+4 

+ 00 

-oo \k-j\<4 

We observe that for every j we have 

supp^[/^-^^?,] c {2^-2 < lei < 2^+2}; 

supp-F[Ei3_3/,^?fc]c{|e|<2^+n- 

The three pieces of the decomposition f l53|l are examples of paraproducts. Informally the 
first paraproduct Hi is an operator which allows high frequences of / (~ 2^) multiplied 
by low frequences of g (^ 2^) to produce high frequences in the output. The second 
paraproduct 112 multiplies low fequences of / with high frequences of g to produce high 
fequences in the output. The third paraproduct multiply high frequences of / with 
high frequences of g to produce comparable or lower frequences in the output. For a 
presentation of these paraproducts we refer to the reader for instance to the book [T7] . 
The following two Lemmae will be often used in the sequel. 

Lemma A.l For every f E S' we have 

suplf I <M(/). 

3<^Z 

Lemma A. 2 Let ip be a Schwartz radial function such that suppltp) C B{0,A). Then for 
every s > [|] + 1 we have 

||(-A)^^-V||li < C^.n(l + s'^+')4'% 
where C^^„ is a positive constant depending on the norm of ip and the dimension . 



+ 00 



E 



i-4. 



~oo 
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Lemma A.3 Let f G 5^^^(iR"j£)|. Then for all s > [f ] + 1 and for all j e Z we have 

For the proof of Lemma lA.ll we refer to ||9j and of Lemmae IA.2I and IA.3I we refer to 

Given m, Q we introduce the following pseudodifferential operators 

r(Q, u) := {-Af'\Q{-Af'%) - Qi-Afl^u + {-AY/%{-Af'^Q (54) 

and 

s{Q, u) := (-A)i/4[g(-A)i/^M] - n{QVu) + n{{-Af/^Qn{-Af'%) (55) 

and TZ is the Fourier multiplier of symbol m(^) = . We prove in this Section some 
estimates on the operators and [551. 

Proof of Theorem II. 3L 

We make the proof for n = 1 . The case n > 1 is analogous (for the details we refer to 

0) 

• Estimate of \\Yli{{-AY'\Q{-/\f'%)\\u^ . 

||ni((-A)V4(Q(_A)VS,)||^, = / (J]2^Q2((-A)VV-^)2)V2rfx (56) 
< [ sup|(-A)^/V-^|(^2^Q2)i/2^^ ^57^) 



J 

<{[ {M{{-^Y'\)fdxf/\f y^2^Q]dxf'^ 
Jm'^ Jr j 



< C'||(5||£fl/2(JJ)||U||^1/2(JR) . 

Estimate of ||ni((-A)i/4g(-A)i/S) 

» oo 

||ni((-A)V^g(-A)V4^)l|^. = / C£^{-^f/'Q,)\{-^Y/\^-'ff/'dx (58) 
< / sup|(-A)VV-^|(5^((-A)V^g,)2)V2rfx (59) 



< 



JR" 3 



iiR" Jr j 



< C\\Q\\m/2{iR)\W\\m/^{iR) ■ 

The homogeneous Besov space B'^ ^{M"') is the space of tempered distribution u for which 
||w||^o (iR")! = supjg^ 11-^ "'^ [^j-7^M] is finite, (see for the precise definition of the Besov spaces 

[22])°°'°° 
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• Estimate of ||n2((-A)^/4Q(-A)i/^'u)||^i. It is as in ([58]) • 

• Estimate of n3((-A) V4(Q(_A)V4„)) . 

We show that it is in B^^. We observe that if h e -Bj^^oo then (— A)^/'^/i G B^J^ and 
thus 



/EE (-A)^/^(g,(-A)i/V)[(-A)V4/.^-6+ ^ (-A)i/^/^,]da: 

Uo <WiR J- \k-j\<3 t=j-5 



We have 



^^P / E E (-A)'/'(Q,(-A)'/V)/i^-'f^a; 



< C sup 



^^P / E E (Qi(-A)^/^«fc)(-A)i/^/i^-6rfx 

/EE 2^V2g^.(_A)l/4^^^^ 

< C\\Q\\mn{R)\\'^\\mn{R) ■ 

By analogous computations we get 

. i+6 
«^P /EE (-A)^/^(Q,(-A)i/V)[ 5^ (-A)V4/.,]rfx < C||g||^./.(^)||«bv.(iR) 

• Estimate of Ii:i{{-/\fl^Q{-/\f/^u) - Qi-Z^f^u) . 

\\Tl,{{-/\fl'Q{-Af/\ - Q{-Af'^u)U.^^ (60) 
. i+6 

= s^p / E E [(-^)'^'(^^(-^)'^'^^)-^^(-^)'^'^'^)[^'"'+ E ^*]^^ 
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We only estimate the terms with ^, being the estimates with ht similar. 



j \k-j\<3 

sup /EE -^[^'"'] 

j \k-j\<3 



X \ 

Now we observe that in flGll) we have < 2-'^'^ and 2-'^^ < \y\ < 2^^'^. Thus | — | < - 



Hence 



\y\y^-\x-y\ 



1/2 



br/^[i-ii--r/i 

|^|l/2^[l+|l_^|l/2]-l 

y y 

oo 

i2/r/'ElO'^'- 



(62) 



fc=0 



k\ y' 



X 1 

We may suppose that X^fcLo convergent if | — | < - , otherwise one may consider 

y 2 

a different Littlewood-Paley decomposition by replacing the exponent j — A with j — s, 
s > large enough. We introduce the following notation: for every > we set 

We note that if h e B'^^^ then Skh G ^^^^^'^ and if h e H' then Skh e /7^+V2+fc . 
Moreover if Q e H^^^ then V'=+^(Q) G i7-*^-V2 . 
We continue the estimate (EH) . 
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sup 

\M„Q <lJiR" 

-'^oo ,00 



r [ir 

j \k-j\<3 

dx 



(^[Q,](y)^[(-A)VV](x - y){\y\^'' - \x - y\'l^)dy 

00 



00 „ 

^ ^^p El / E E [^'^'^'''[^^^^■(-^)'^'^^)](^)^^ 



by Lemma IA.3I 

00 

<C sup E|2-^^4^^i/.bc, 

^00 00 ^ — " 



f =0 " j 

by Plancherel Theorem 



00 « « 

<CV^2-6^4^+i(/ V22(^+i)^|^[5,g,]|2dx)i/2( / V|(-A)V4«,|2rfa;)i/2 

00 „ „ 

< C V |2-6^4^+i( / V2W)-'22(i-^')(^+i/2)|_^[g^.]|2^^)i/2( / |(_a)V4 

00 „ „ 

< c^E |2-^'4^"''2^( / E2^'^?^^)'''( / E \i-^y^Wdxy^' 



00 

£=0 



Estimate of Ii2{{-^f/\Q{-/^f'^u) - Q{-^f/^u)) 
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\\Il,{{-AY/\Q{-AY/\) - Q{-Ay/\)\y.^ (63) 
= sup [ {i-^Y^'iQ'-\-^Y^\) - {-Af/\Q^-%)hdx 

oo „ 

oo „ 

< sup \\h\\B'^^J2^ 5^|V^+i(Qr^||5,(-A)V4«,Ma; 

oo „ „ 

^Ett/ w EI2"^'^'^'^'^'^'(^)'"'II2(^+i/^)-'5K-a)i/sm^ 



£=0 J- 



^ ^Ef ( / E^^'^'^'^'^'i^'^'^''"!'^^) 



2(^+l/2)j|Y7^+lni-4|2j^U/2 



by Plancherel Theorem 

oo „ 



<^E|2-^'(/ E2-^i-^W"irrfo^/^ 

oo 
£=0 

The proof of the following Theorems and its localized version can be found in [7] . 

Theorem A.l Let u,Q e VT^/^.g^j^n) ^ ^^^^^ ^ > 2. Then T{Q,u), S{Q,u) G ^^/^(iR") 
and 

||T(g,«)|L,/. < C\\i-Ay/'QU4i~Ay/%h. ; (64) 
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<C||(-A)V4q||^,||(_A)V4^||^,. □ (65) 

Theorem A.2 LetQ G H^''^{M') , u e W^''^^'i{]RJ') with q > 2. ThenT{Q,u), S{Q,u) e 
L^{M') and 

||r(Q,n)|l ^ <C1|(-A)V^Q|U,||(-A)V4«1U,; (66) 
||5(Q,«)|L^ <C||(-A)i/^g|U,||(-A)i/^«|U,. □ (67) 

Remark A.l Actually Theorems lA.ll and IA.2I hold for the 2-terms commutators 
f{Q,u) = TiQ,u) - (-A)i/^g(-A)i/^M = i-A)'/\Qi-Ay/\) - QA'/\ 

and 

s{Q,u) = s{Q,ti) - n{{-Af'^Qn{-AY'^ti) = (-a)1/^[q(-a)1/^m] -7^(gvM). □ 

Aknowledgment. The author would hke to thank Tristan Riviere for helpful discussions. 
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